ON THE SYMMETRY OF MINIMIZERS IN 
CONSTRAINED QUASI-LINEAR PROBLEMS 



HICHEM HAJAIEJ AND MARCO SQUASSINA 

Abstract. We provide a simple proof of the radial symmetry 
of any nonnegative minimizer for a general class of quasi-linear 
minimization problems. 



1. Introduction and main result 

Let Q be either WL N or a ball -Br(O) centered at the origin in Mr, and 
define the functional £ : W 1,p (O) ->1U {+00}, 1 < p < N, by setting 

S(u)= [ j(u,\Du\)- [ F(\x\,u). 
Jn Jn 

Moreover, let C C Wq' p (Q) be a constraint given by 

(l.l) C = [u e W£' p (n) J G(«) = l}. 

Let us consider the following minimization problem 



(1.2) m = inf £{v), —00 < m < +00. 

v<=C 

A classical problem in the Calculus of Variations is to establish the 
existence of a solution to problem ( II. 2p and, in addition, to detect 
further qualitative properties of the solutions such as their radial sym- 
metry and monotonicity |4j. The existence of solutions was exten- 
sively investigated, starting from the seminal contributions of LlONS 
[22| [23] . The main strategies followed to achieve the latter goal are, 
on one hand, the moving plane method by GlDAS, Nl and NlREN- 
BERG [15] and, on the other, the symmetrization techniques, initiated 
by STEINER and SCHWARZ for sets, for which we refer the reader to 
the monographs |2j [201 126] and the classic (27] . For the semi-linear case 
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p = 2, j(s,t) = \t\ 2 and F = 0, a pioneering study was performed by 
BERESTYCKI and LIONS in the celebrated paper [3J. General radial 
symmetry results for j(s, t) = \t\ 2 have been obtained by LOPES in [21] 
via a reflection argument and a unique continuation principle. For 
j(s, t) = \t\ p , interesting results have been achieved by Brock in [5] by 
exploiting rearrangements and strong maximum principle. For further 
relevant generalization of these contributions, we refer to the recent 
work of MARIS, [2S]. The works [5j |2H [25] include the case of systems 
as well and 0122] also allow multiple constraints (very general in |25J). 
The existence of a Schwarz symmetric solution of problem (ll.2p under 
general assumptions on F and j(u, \Du\), allowing growth conditions 
such as 

a \Du\ p < j(u, \Du\) < a(\u\)\Du\ p , a > 0, a : M + — >■ R + continuous, 

has been recently established by virtue of generalized POLYA-SZEGO 
inequalities [T7]. In this paper, focusing on the highly quasi-linear char- 
acter of our minimization problem, we want to provide, under rather 
weak assumptions, a quite simple proof that any given nonnegative 
minimum v of (jl.2p is radially symmetric and decreasing, after a trans- 
lation, if the set of critical points of v* has null Lebesgue measure. In 
general, assuming for instance that j is convex in the gradient and F 
behaves smoothly, £ is non-smooth unless j u = and, depending upon 
the growth estimates on j, it can be either continuous (if a is bounded 
from above) or lower semi- continuous. In turn, quite often, techniques 
of non-smooth analysis are employed. 

Given a nonnegative solution v to (jl.2p . the idea is to construct a 
related sequence (v n ) (built up by repeatedly polarizing v) which is 
weakly convergent to the Schwarz symmetrization v* of v in W ' P (Q). 
Then, since (v n ) are also solutions to ( II. 2p they satisfy an Euler- 
Lagrange equation in a suitable generalized sense (see Section 12.21 and, 
in particular, Proposition ^. 9p obtained by tools of subdifferential calcu- 
lus for nonsmooth functionals developed by Campa and Degiovanni 
in [8]. This allows, in turn, to prove the almost everywhere conver- 
gence of the gradients Dv n to Dv* by applying a powerful result due 
to Dal Maso and Murat [9J to a suitable sequence of Leray-Lions 
type operators associated with j(v n , \Dv n \). Finally, this leads to the 
identity \\Dv \\u>(n) — ||-Dt>*IUp(r2) which provides the desired conclusion 
that v is nothing but a translation of v*. We stress that, in proving 
the main result, we never use any form of the strong maximum princi- 
ple or unique continuation principle. Identity cases for the p-Laplacian 
have been deeply studied since the first pioneering contributions due to 
Friedman and McLeod [H] and to Brothers and Ziemer |7f. For 



SYMMETRY OF MINIMIZERS FOR QUASI-LINEAR PROBLEMS 



3 



some recent developments, extensions and new simplified proofs, we 
refer the reader to the works of FERONE and VOLPICELLI (see [121 IT3"] 
covering both the case of M. N and of a bounded domain). 

Beyond the study of minima, for an investigation of radial symme- 
try of minimax critical points for a class of quasi-linear problems on 
the ball associated with lower semi-continuous functionals involving 
j(u, \Du\), we refer to [29] (see also [30] for the case of C l functionals). 
We also refer to the monograph [28] and to the references therein for a 
wide range of results on quasi-linear problems obtained via non-smooth 
critical point theory. 

Throughout the paper, the spaces L q (Q) and W ' p (tt), for every p,q > 
1, will be endowed, respectively, both for Q = Br(0) or Q = M. N , with 
the usual norms 



l"IU"i<>i -= ( f M 9 ) \ \h\\ w ^ (Q) = (\\u\\ p LP(n) +J2 W D j u W P Lp(n)] " 



Next we formulate the assumptions under which our main result will 
hold. 

1.0.1. Assumptions on j . For every s in R, the function (t G R + ) 

(1.3) {t i — y j(s,t)} is strictly convex and increasing. 

The functions j s and j t and j st denote the derivatives of j(s,t) with 
respect to the variables s and t and the mixed derivative respectively, 
which exist continuous. We assume that there exist a positive constant 
a and increasing functions a, /3, 7 G C(1R + ,1R + ) such that 

(1.4) 

ao|£| p < j(s, lei) < a(\s\)\^, for every s in R and ^ G R N , 

(1.5) \j 8 (s, 1^1)1 < /3(|s|)|^| p , for every s in R and £ G R N , 

(1.6) \jt{s,\£\)\<7{\s\)\t\ p ~\ for every s in R and f G R N . 

1.0.2. Assumptions on F. F(\x\,s) is the primitive with respect to s 
of a Caratheodory function /(|x|, s) with -F(|a;|, 0) = 0. Denoting p* = 
Np/(N — p), we assume that there exist a positive constant C and a 
radial function a G L^p/Wp-iHp)^) suc h that 

(1.7) 

1/(1^1) s ) I < a(|a;|) + C|s| p -1 , for every s in R and x E Cl, 
(1.8) 

/(|^|; s) — f{\y\i s )i f° r every s G R + and x,y £ Q with |x| < |?/|. 
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1.0.3. Assumptions on G. G(s) is the primitive with respect to s of a 
continuous function g with G(0) = 0. Moreover, there exists a positive 
constant C such that 

(1.9) \g(s)\ < C\s\ p - 1 + C\s\ p "- 1 , for every s in M, 

(1.10) if u G Wo' p (ti) and u ^ 0, then g{u) ^ 0. 
For a given positive u G W 1,p (f2), we consider the set 

C* := {x G n : \Du*(x)\ = 0} fl (u*)-\0, esssup u). 

Under the previous assumptions (ll.3p - (ll.9l) . the main result of the pa- 
per is the following 

Theorem 1.1. Assume that is either M N or a ball Br(0) C M n and 
let u G C be any nonnegative solution to (ll.2p such that C N (C*) = 0. 
Then, after a translation, u = u* . 

If the problem is not set in a ball or on the whole space, in general 
minima could fail to be radially symmetric, even though the domain is 
invariant under rotations. For instance, ESTEBAN [TT] showed that, if 
2 < m < 2* and B is a closed ball in Mr, then the problem 

min ( / (\Du\ 2 + \u\ 2 ) : [ \u\ m = l) 

admits a solution but no solution is radially symmetric. See also the 
discussion by KAWOHL in [2X Example 6 and related references] for 
similar situations of non-symmetric solutions when the problem is de- 
fined on an annulus. 

Also, as pointed out by Brothers and Ziemer [TJ see Section 4] 
with a counterexample, the condition C N (C*) = is necessary in order 
to ensure that ||.Dv||LP(r2) = implies that v is a translation 

of v*. 

In the particular case where j(s,t) = \t\ p , the conclusion of Theo- 
rem 11.11 easily follows directly from identity cases for the p-Laplacian 
operator. In fact, if u G C is a nonnegative solution to the minimiza- 
tion problem and u* is the Schwarz symmetrization of u, then of course 
u* belongs to the constraint C too (Cavalieri's principle). Moreover, in 
light of the classical Polya-Szego inequality and (12. 5 j) of Proposition ^. 3[ 
we have 

(1.11) / \Du*\ p < [ \Du\ p , [ F(|ar|,«)< f F{\x\,u*). 
Jn Jn Jn Jn 

Hence, 

m<£(u*)= j \Du*\ p - j F(\x\,u*)< f \Du\ p - f F{\x\,u) = m. 
Jn Jn Jn Jn 
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In turn, by (ll.lip . we have both ||-D~u*|| i ,p(n) = ||-Dw||LP(n) and j n F(\x\,u) = 
J n F(\x\,u*). Then, by Proposition EZJ if C N (C*) = 0, there is a 
translate of u* which is equal to u. In the full quasi-linear case, the 
Polya-Szego inequality (cf. Proposition 12. 3p 

/ j(u*,\Du*\) < [ j(u,\Du\) 
Jn Jn 

holds as well when j(u, \Du\) G and the above argument would 

lead to the identity 

(1.12) / j(u*,\Du*\)= [ j(u,\Du\). 
Jn Jn 

It is not clear (we set it as an open problem) if ( 11.121) plus C N (C*) = 
0, could yield directly the conclusion that there is a translate of u* 
which is almost everywhere equal to u. According to [T7j Corollary 
3.8], this would hold true knowing in advance that (u n ) C Wq ,p (Q), 
u n — ^ v weakly and f n j(u n ,\Du n \) convergent to f n j(v,\Dv\) imply 
||-Dw n ||_Lpm) — > \\Dv\\lp(q), as n — > oo. This is known to be the case for 
strictly convex and coercive integrands j which are merely dependent 
on the gradient, say j(s, t) = jo(t), see [32] . In this paper we shall solve 
the problem indirectly, for minima, by reducing to identity cases for the 
p-Laplacian operator. Of course one could derive the radial symmetry 
information focusing on identity cases of the nonlinear term, namely 
from J Q F(\x\,u) = J Q F(\x\,u*). For results in this direction, under 
strict monotonicity assumptions of / such as 

f(\x\, s) > f(\y\, s), for all s G M + and x,y G fl with |x| < \y\, 

we refer the reader to [T6| Section 6] (see also [5j). 

On the basis of the above discussion, the aim of the paper is to focus 
the attention of the quasi-linear term in the functional £ (we believe 
this is somehow more natural since the strict convexity of j(s, •) is a 
very common requirement) and show that, for minima, identity (I1.12p 
implies, as desired, that u corresponds to a translate of u* . 

Remark 1.2. In light of conditions (jl.7p and (II. 9p . we also have 

(1.13) \F(\xls)\<a(\x\)\s\ + C\s\ p \ for every s G R and x G Q, 

(1.14) \G(s)\ < C\s\ p + C\s\ p \ for every s G M. 

As a possible variant of the growth condition (ll.7p one could assume 
that / : R+ x R -»■ R with f(\x\,s) > for every s G R + and x G Q 
and 
(1.15) 

\f(\x\,s)\ < C\s\ p ^ + C\sf-\ for every s in R and x G Q, 
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yielding, in turn, 

(1.16) \F(\x\,s)\<C\s\ p + C\sf, for every s in R and x £ Q. 

In this case the symmetrization inequality (II. lip for F holds as well 
(use [TBI Corollary 5.2] in place of [TBI Corollary 5.5] in the case Q = M. N 
and [18, Theorem 6.3] in place of [18, Theorem 6.4] in the case Q = 
Br(0)). It is often the case the F must satisfy growth conditions which 
are more restrictive than (11.131) or (I1.16P in order to have m > — oo. 
For instance, assume that G(s) = \s\ p , j(s,t) = \t\ p and F(\x\,s) = 
[s^. Then, as a simple scaling argument shows, to guarantee that the 
minimization problem is well defined it is necessary to assume that 
p < a < p + p 2 /N. For p = 2, the value 2 + 4/N is precisely the 
well-known threshold for orbital stability of ground states solutions for 
the nonlinear Schrodinger equation. 

Remark 1.3. If Q = ~R N and G(sq) > at some point sq > 0, one can 
write down a function ^ so £ W 1 * n L™(R N ) such that f RN G(^ So ) = 1 
(see |3l p.325]). Moreover, by (TOj) . 



Hence ip SQ £ C as well as S(ip So ) < +oo (which guarantees m < +oo). 
If Q = Br(0) and, for instance, 7rG(so)R 2 > 1, similarly, one can find 



It would be interesting to extend Theorem II .1| in a suitable sense, to 
allow the case of possibly sign-changing solutions, systems and multiple 
constraints. The main ingredients of the argument are the facts that the 
functional decreases under both polarization and symmetrization, while 
the constraint remains invariant to them. This can be achieved for 
some classes of vectorial problems putting cooperativity conditions on 
the nonlinear term F and considering G and j involving a combinations 
of functions depending only on one single variable, in order to exploit 
Cavalieri's principle and Polya-Szego type inequalities. Notice also that 
the almost everywhere convergence of the gradients due to Dal Maso 
and Murat [9] is valid for systems of PDEs as well. We leave this issues 
to further future investigations. 




j(i> S0 , \D^ S0 \) < a(||^ ||L<») / \Dip S0 \ p < +oo 



Jr n 



SO £ C?{B R (0)) belonging to C. 



2. Preliminary facts 
In the section we include some preparatory results. 
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2.1. Polarization and Schwarz symmetrization. For the notions 
of this section, we refer, for instance, to [6J . A subset H of M. N is called 
a polarizer if it is a closed affine half-space of Mr. Given x G WL N and 
a polarizer H, the reflection of x with respect to the boundary of H 
is denoted by Xh- The polarization of a function u : Mr 1 — > M + by a 
polarizer H is the function u H : M N — > M + defined by 



The polarization ft C R of a set ft C M. is defined as the unique 
set which satisfies Xn H = (Xu) H , where \ denotes the characteristic 
function. The polarization u H of a nonnegative function u defined on 
ft C Mr is the restriction to Q H of the polarization of the extension 
u : M N — > M. + of u by zero outside ft. The Schwarz symmetrization of 
a set ft C M N is the unique open ball centered at the origin ft* such 
that C N (Q*) = C N (Q), being C N the A^-dimensional outer Lebesgue 
measure. If the measure of Q is zero we set Q* = 0, while if the 
measure of Q is not finite we put Q* = M N . A measurable function u is 
admissible for the Schwarz symmetrization if it is nonnegative and, for 
every e > 0, the Lebesgue measure of {u > e} is finite. The Schwarz 
symmetrization of an admissible function u : O — > IR + is the unique 
function u* : Q* — >■ R + such that, for all t 6 M, it holds {u* > t} = 
{u > £}*. Considering the extension u : M — > M + of u by zero outside 
ft, u* = (u)*\ Q * and (u)*| R w\ n . = 0. 

We shall denote by the set of all half-spaces corresponding to (n— 1)- 
dimensional Euclidean hyperplanes, containing the origin in the inte- 
rior. As known, for a domain Q, it holds ft* = Q if and only if ft^ = ft, 
for all H G (cf. [6, Lemma 6.3]). We now recall a very useful 
convergence result (cf. e.g. [31J). 

Proposition 2.1. Assume that ft is either M N or a ball Br(0) C M N . 
There exists a sequence of polarizers (H m ) C "H* such that, for any 
1 < p < oo and all u G L P (Q), the sequence u m = u v ' m converges to 
u* strongly in L P (Q), namely \\u m — u*\\jj>rn) ^0 as m — » oo. 

We collect some properties of polarizations. See |17[ Lemma 2.5] 
and [3D] Proposition 2.3] respectively. Concerning \F7\ Lemma 2.5], 
it is stated therein on Mr, but it holds on -B_r(0) as well after extend- 
ing the functions by zero outside it and recalling that j(-, 0) = 0. 



Proposition 2.2. LetVt be either M N or aballB R (0), u G Vy o 1,p (ft, M+) 
andH G H,. Thenu H G W 1,p (ft,R + ) and, ifj(u, \Du\) G L l {Q), then 



(2.1) 
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j(u H , \Du H \) G L 1 ^) and 

(2.2) / j(u,\Du\)= [ j(u H ,\Du H \). 
Jn Jn 

In particular, 

(2.3) / \Du\ p = [ \Du H \ p . 



Furthermore, F(\x\, u), F(\x\, u H ), G(u), G{u H ) G L X {Q) and 



G(u), 



[ F(\x\,u H )> f F(\x\,u), f G{u H )- 
Jn Jn Jn 

provided that conditions (ll.7p . (jl.8p and (II. 9p hold. 

The next proposition follows by [T8| Corollary 5.5] for the case Q = 
M> N and [18, Theorem 6.4] for the case Q = -Br(O) concerning the 
symmetrization inequality for F . Concerning the Cavalieri's principle 
for G, it follows from [18, Theorem 4.4] in the case Q = M. N and 
from [T8l Theorem 6.2] in the case Q = Br(0). Finally, concerning the 
generalized Polya-Szego inequality, it follows from [T7] Corollary 3.3]. 

Proposition 2.3. Let f2 be either ~§i N or a ball -Br(O) and let u E 
Wq' p (Q,R+). Thenu* G W 1,p (O,R + ) and, ifj(u,\Du\) G L 1 ^), then 
j(u*, \Du*\) G L\Q) and 



(2.4) / j(u*,\Du*\)< / j(u,\Du\). 
Jn Jn 

In particular, 

[ \Du*\ p < [ \Du\ p . 
Jn Jn 

Furthermore, F(\x\,u), F(\x\,u*),G(u),G(u*) G L x (f2) and 

(2.5) / F(\x\,u*)> [ F(\x\,u), [ G(u*)= [ G{u), 
Jn Jn Jn Jn 

provided that conditions (1 1.7ft . ( II. 8ft and ( II. 9p hold. 

The next result comes from [12] for Q bounded and [13J for Q = M. N . 

Proposition 2.4. Assume that Q is an open, bounded subset of M N 
and let u G W ' p (O) be a nonnegative function, 1 < p < oo, such that 

C N (C*) = 0, C* := {x G Q* : \Du*(x)\ = 0} fl (u*)-\0, esssup u). 

Then, if 

\\Du*\\ LP (n*) = \\Du\\LP(n), 
the domain Q is equivalent to a ball and u = u* a.e. in Q, up to a 
translation. Moreover, the same conclusion holds for Q = M. N . 
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2.2. Solutions to the Euler-Lagrange equation. For any u G Wq P (Q), 
define 

(2.6) V u ={ve Wq' p {Q) n L°°{Q) : u G L°°({a; G : v(x) ^ 0})}. 

The vector space V u was firstly introduced by DEGIOVANNI and ZANI 
in [TU] in the case p = 2. In [TU] it is also proved that V u with p = 2 is 
dense in W ' 2 (f]). This fact extends with the same proof to the general 
case of any p ^ 2. Let J : W ' p (tt) ->MU {+00} be the functional 

J(u)= / j(u,\Du\). 
Jn 

The following fact can be easily checked. It shows that V u is a good test 
space to differentiate non-smooth functionals of calculus of variations 
satisfying suitable growth conditions. 

Proposition 2.5. Assume conditions (jl.4p . (jl.5p and (II. 6p . Then, for 
every u G Wq ,p (Q) with J(u) < +00 and every v £ V u we have 

Du 

j 8 (u, \Du\)v G L l (Q), j t (u, \Du\)-— ■ Dv G L (Q), 



Du 



with the agreement that jt(u, \ Du\) -r^r = when \Du\ = (in view 

of ( 11. 6p ). Moreover, the function {t 1— > J{u + tv)} is of class C l and 

f Du f 

J\u){v)= / j t ( u ,\Du\)-^--Dv+ / Js (u,\Du\)v. 

We recall Definitions 4.3 and 5.5 from [8J, respectively, adapted to our 
concrete framework. 

Definition 2.6. Let u G Wl' v {®) with J(u) < +00. For every v G 
Wq' p (Q) and e > we define J° (it; u) to &e £ae infimum of the r's ini 
sitc/i t/iot t/iere exzsi 5 > and a continuous function 

V : B s (u, J(u)) nevi{J)x}0,6) ^ B E (v), 

which satisfies 

J(£ + tV({Z,ti),t))<ii + rt, 
whenever G Bg(u, J(u)) R epi(J) and t G]0,<5]. Finally, we set 

J°(n; u) := sup J°(n; i>). 

£>0 

Definition 2.7. Lei tt G ^o' p (^) itfit/i J(u) < +00. For every v G 
Wq ,p (Q) and e > we define J®(u; v) to be the infimum of the r'sinK. 
such that there exist 5 > and a continuous function 

U : B s (u, J(u)) n epi(J) x [0, 5} W 1,p (fi), 
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which satisfies aO,0) = £ ; 



(2 y) "-iv^w^i; "-vv^av^; _ v 

ti — 1 2 ^.'(fl) 

and J(H((£, fi),i)) < fi + rt, whenever (£,//) G Bg(u, J(u)) fl epi( J) 
and t,ti,t% G [0,5] £i 7^ £2- Finally, we set 

J (it; v) : = sup J°(w; i>). 

£>0 

As remarked in |8l cf. p. 1037] it always holds J°(u;v) < J°(u;v). Re- 
calling that dJ(u) is the sub differential introduced in [8j Definition 
4.1], we have the following 

Lemma 2.8. Assume conditions (jl.4j) . (II. 5p and (jl.fip . Lei k G lV 1,:P (f2) 
wrf/i J(u) < +00. Then, the following facts hold: 

(i) /or every t> G V u , we have 



J°(u;v)<J°(u;v)< / j t (u,\Du\) 



Du 
\Du\ 



■ Dv 



j s (u, \Du\)v. 



(ii) i/0J(it) ^ 0, &en dJ(u) = {a} with a G ^-^(fl) and 

j s (u, \Du\)v = (a,v), 



, „ ,s -Dm 



/or all d6 V„. 



Proof. Let 77 > with J(it) < 77. Moreover, let v G and £ > 0. Take 
now r G M with 



(2i 



Dm 



j s (tt, < r. 



Let if be a C°°(R) function such that 
(2.9) 

H(s) = 1 on [-1,1], H{s) = outside [-2,2], \H'(s)\ < 2 on M. 
Then, there exists k Q > 1 such that 



(2.10) 
and 

(2.11) / j t {u,\Du\) 



u 



H(—)v-v 

fc 



wi.p(n) 



/ js(u,\Du\)H(^)v<r. 



In fact, setting = H(u/k)v, we have ^ 6 K for every k > 1 and 
t> fc converges to t> in W ' p (O), yielding inequality (12 . 1 Oj) . for k large 
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enough. By Proposition 12.51 we can consider J'(u)(vk) for all k > 1 
and, as k goes to infinity, for a.e. i 6 0, we have 

j s (u(x), \Du(x)\)v k (x) j s (u(x), \Du(x)\)v(x), 
3t{u{x), \Du(x)\) -^^ ■ Dv k (x) -> j t (u(x), \ Du ( x )\) j^^^ ' Dv ( x )> 
as well as 

\j s (u,\Du\)v k \ < \j a (u,\Du\)\\v\, 

Du 

\j t (u,\Du\)—-Dv k \ < \ 3t (u,\Du\)\\Dv\ + 2\v\\ Jt (u,\Du\)\\Du\. 
\Du\ 

Since v G V u and by the growth estimates fll.5p - fll.6p . by dominated 
convergence we get 

lim / j s (u,\Du\)v k = / j a (u,\Du\)v, 

f Du f Du 

hm / jt(u,\Du\)——-Dv k = / j t (u,\Du\)—— ■ Dv, 
k ^°°jQ \Du\ J n \Du\ 

which, together with (12.81) . yields (12.111) . Let us now prove that there 
exists 5i > such that 

(2.12) H{^-)v-v 







< e, 



as well as 
(2.13) 



f z , z , Dz + $D(H(^)v) f z 

\ 3t (z + m(-)v, \Dz + #d(h£)v) ]) - * i • 

fc k \Dz + -dD{H{^)v)\ \ k 

+ / Js (z + m(^)v,\Dz + $D(H(^)v)\)H(^)v<r, 

for all z G B(u,5i) fl J 7 ' and $ G [0, Indeed, take w n G such 
that u n ^f u strongly in Wq' p (Q), $ n — > as n — > oo and consider t> n = 
H(u n /k )v G Ki n . It follows that t> n converges to H(u/k )v strongly in 
W 1,p (fi), so that ( T2TT21) follows by (LTTOj) . Now, for a.e. x G fi, we have 

j s (u n (x) + & n v n (x), \Du n (x) + $ n Dv n (x)\)v n (x) -)■ j s (u(x), \Du(x)\)H(— — 
jt(u n (x) + >d n v n {x), \Du n (x) + ?9 ra £>t; n (x)|) r^-A; + t^H^T^i ' ^nfa) 

-> l^)i) |^|y| • i?(^(^)t;)(x). 



12 HICHEM HAJAIEJ AND MARCO SQUASSINA 

Moreover, we have 

\j s {u n + tf n v n , \Du n + $ n Dv n \)v n \ 

< 2P-^(2fc + |MU~(fi))IMU^)(|^n| P + \Dv n \"), 

\j t (u n + $ n v n , \Du n + $ n Dv n \) ® Un + ^"^ n , ■ Dv n \ 
1 \Du n + V n Dv n \ 1 

< 2"- 1 7 (2fc + |M| Loo( n))(|Dig p - 1 |£to„| + \Dv n \*). 
Then, by dominated convergence we obtain 

lim / j s {u n + d \Du n + d n Dv n \)v n 



n—¥oo 



n 

= / j s (u, \Du\)hQ-)v, 
Jn ft o 

lim / j t (u n + finVn, \Du n + ■& n Dv n \) ^ Un + ^ n I ^ Vn ■ Dv n 

\Du n + v n Dv n \ 



n— >oo 



which, in light of (12. lip , proves (I2.13jl . Then, taking into account that 
{i i — y J(z+tH(-j^)v)} is of class C 1 , Lagrange theorem and ( 12. 13ft yield, 
for some d G [0, i], 

J(z + tHAv) - J{z) = tJ'(z + ##(^» )« 
fc fco \ fco 

/" r ^ , z N Dz + $D(H(^)v) 

- * L i Mz + m ^ )v ' lDz + m ( H{ ^w^mm\ ' D(H( 

+ j a (z + #H(£-)v, \Dz + $D(H(^)v)\)H(^)v]dx < rt, 

fc fco fco - 

for all z G B(u,5i) R J 57 and t G [0,5i). Let now 5 G (0,^] with 
J{u) + 5 < 7], and define the continuous function % : Bg(u, J(u)) (1 
epi(J) x [0, 5] -> W 1,p (fi) by setting 

n((z,/i),t) = z + tH(-^)v. 

fc 

Then, by direct computation, condition (12.71) in Definition 12.71 is satis- 
fied by (12TT2D . Notice that, for all {{z,fj,),t) G J(w)) n epi(J) x 
[0,5], we have z G B(u,5i) fl and t G [0,5i). Hence, by the above 
inequality, we have 

J(H((z, n),t)) < J(z) +rt< (jt + rt. 

whenever (z,fj) G Bg(u, J (u))r\epi(J) and t G [0,5]. Then, according to 
Definition 12.71 we can conclude that J®(u;v) < r. By the arbitrariness 
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of r, it follows that 

J Q e {u;v)< I jt(u,\Du\)-^-Dv+ [ j s (u,\Du\)v. 
Jn \Du\ J n 

Hence, by the arbitrariness of e, we get 

(2.14) J°(u;v)< [ j t (u,\Du\)^-Dv+ [ j s (u,\Du\)v, 

Jn \Du\ J n 

for all v G V u , concluding the proof of assertion (i). Concerning (ii), if 
a G dJ{u) C W- l > p \VL), by (i) it follows (recall $ Corollary 4.7(i)] for 
the first inequality below) 

(a,v) < J°(u;v) < I j t (u,\Du\)—^--Dv+ [ j s {u,\Du\)v, 
Jn \Du\ J n 

for all v G V u . Since we can exchange v with — v we get 

(a,v} = J j t (u, \Du\) rj^j • Dv + J j s (u,\Du\)v, 

for all v G V u . By density of V u in Wq' p (Q) 7 dJ{u) = {a}. This 
concludes the proof. □ 

Finally, we have the following 

Proposition 2.9. Assume (Oj) . <jT75]> . ffL6|) . (fTTTj) and ([L9]). LetC 6e 
the constraint ( 11. lft and Ze££ : ^^^(fi) — )■ MU{+oo} &e the functional 

S(u)= [ j(u,\Du\)- [ F(\x\,u). 
Jn Jn 

Then the functional S* : Wq ,p (Q) -^RU {+oo} defined by 



S*(u) 



S(u) for u G C, 
+oo for u G" C, 



lower semi- continuous on Wq' p (Q). Moreover, for every solution 
u G C to problem (II. 2p there exists a Lagrange multiplier A G K snc/i 

j t (tt, |Dtt|) T ^ T -D^+ / j s (u,\Du\)(p- I f(\x\,u)(p = \ [ g(u)<f, 
\Du\ Jn Jn Jn 

for all if G V u . 

Proof. It is readily seen that £* is lower semi-continuous, by condi- 
tions (I1.13P and (I1.14p . Let u G C be any solution to problem (II. 2p (it 
is J{u) < +oo, since £{u) = m < +oo). Notice that S* = £ + Ic, being 
lc the indicator function of C, lc(v) = if v G C and Ic(^) = +oo if 
v C If |d£*|(ii) denotes the weak slope of £* (see [8j Definition 2.1]), 
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it follows \d£*\(u) = 0, and then G d£*(u), by Theorem 4.13(iii)]. 
Setting 

V{u) = - [ F(\x\,u)dx, W{u)= [ G{u)dx, 
Jn Jn 

V,W are C 1 functional, in light of flHD and £L9]), and dV (u) = 
{—f(\x\,u)}, dW(u) = {g(u)}. Moreover, by ( 11.101) . we can find -0 G 
WQ P (tt) such that J n g(u)v > and, by density of V u in Wq' p {Q), 
v+ G V u with J^g(u)v + > 0. Taking into account Proposition 12.51 and 
conclusion (i) of Lemma l2~8l J°(u;v + ) < +oo and J°(m; — v + ) < +oo. 
Therefore, we are allowed to apply jU Corollary 5.9(h)], yielding 

G d£(u) + RdW(u) = dJ(u) + dV(u) + RdW(u), 

where the equality is justified by [HI Corollary 5.3(h)], since V is a C 1 
functional. Finally, since dJ(u) ^ 0, assertion (ii) of Lemma 12.81 allows 
to conclude the proof. □ 



3. Proof of Theorem 11.11 

Let u G Wq' p (Q) be a given nonnegative solution to the minimum 
problem (jl.2p . namely 

j(u, \Du\) G L\n), [ G(u) = 1, m = f j(u, \Du\) - [ F(\x\,u). 

Jn Jn Jn 

We shall divide the proof into four steps. 

Step I (existence of approximating minimizers) . In light of 
Proposition 12. 1} we can find a sequence [u n ) C W Q ' p (il) of polariza- 
tions of u, namely u n = u 1 " n , such that u n — > u* strongly in L P (Q), 
as n — > oo. Furthermore, we learn from (12. 3p of Proposition 12.21 that 

(3.1) \\Du n \\ LP{n ) = \\Du\\ LP{ n), for all n > 1. 

In turn, the sequence (u n ) is bounded in Wq' p (Q) and, up to a subse- 
quence, it converges weakly to u* in W ' P (Q) (since u n — > u* in L P (Q)). 
Notice also that, again by virtue of Proposition 12. 2[ it follows that 
j(u n , \Du n \) G L l (Q) for all n > 1 and 

(3.2) / j(u n , \Du n \) = / j(u, \Du\), for all n > 1, 
Jn Jn 

as well as 

/ F(\x\,u n )> / F(\x\,u), / G(u n )= / G(u) = l, for all n > 1. 
Jn Jn Jn Jn 
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In particular (u n ) is a sequence of minimizers for problem ( 11. 2ft . since 
(u n ) C C and 

m < I j(u n ,\Du n \)- F(\x\,u n ) < / j(u,\Du\)- F(\x\,u) = m. 
Jn Jn Jn Jn 

Furthermore, in light of Proposition ^. 31 we have J Q G(u*) = j Q G(u) = 
1 and 



u\), 



[ F{\x\,u*)> [ F(\x\,u), [ j(u*,\Du*\)< [ j(u,\D 
Jn Jn Jn Jn 

so that we obtain 

m< j(u*,\Du*\)- / F(\x\,u*)< / j(u,\Du\)- F{\x\,u) = m, 
Jn Jn Jn Jn 

yielding that u* is a minimizer for (jl.2p too, and 

! j(u*,\Du*\)= [ j(u,\Du\). 
Jn Jn 

In conclusion, by (13. 2p . we get 

(3.3) / j{u n , \Du n \) = [ j{u*, \Du*\), for all n > 1. 

Jn Jn 

By Proposition 12.91 there exists a sequence (A ra ) C 1 of Lagrange 

multipliers such that 

(3-4) ^ 

jt(u n , \Du n \) , w . -D(p+ / j s (u n ,\Du n \)ip- f(\x\,u n )ip = X n / g(u n )<p, 



Du n \ Jn Jn Jn 

for all n > 1 and any ip G V Un . 

Step II (boundedness of X n ). We claim that (A n ) is bounded in R. 
To prove this, observe first that there exist v G C^°(fl) and h > 1 such 
that 

(3.5) lim / g( Un )H(^)v^0, 

n Jn v h > 

being H the cut-off function defined in (12. 9p . If this was not the case, 
for all v G C£°(Q) and any h > 1, we would find 



g(u*)H^v = \im f g(u n )H( 



v = 0, 



by dominated convergence. By the arbitrariness of /i > 1 and domi- 
nated convergence, we get 

/ g(u*)v = 0, for all v G C^°(f2), 
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so that g(u*) = a.e. in Q. This is a contradiction, as j Q G(u*) = 
J n G(u) = 1 implies that u* ^ which, by assumption (ll.lOp . yields 
g(u*) ^ 0. Observe now that, for every v G C£°(Q) and any h > 1, 
the function H(^)v belongs to V Un and thus it is an admissible test 

function for (13. 4p . Therefore, if v G C%°(Q) and h > 1 are as in 
formula (I3.5p . inserting (p = H(^)v into (13. 4p . we reach the identity 

r 3 

(3.6) \ n lj(u n )H(^)v = J2l, 



n 



i=l 



where, denoted by K the support of v, we have set 

/ 2 n := / \H(^) 3s (u n ADu n \) + H'(^) Jt (u n ADu n \) 1 ^ 

J J£ _ ft ft ft 

- J f(\x\,u n )H^- 



1" 



h 



In turn, taking into account the growths (II. 5p . (II. 6p and (II. 7p . it follows 

\Du n \ p ~ l \Dv\ <c(j \Du n \ p y < C, 



|/ 2 n | < C / \Du n \ p \v\ < C / \Du n \ p < C, 

|i?|< [ (a(\x\) + C)\v\<C, 

for some constant C = C(h), changing from one line to the next and 
independent of n. Then the claim follows by combining (13. 5 P and (13. 6 P 
and (A n ) admits a convergent subsequence. 

Step III (pointwise convergence). In this step we prove that, up 
to a subsequence, 

(3.7) Du n (x) — > Du*(x), for a.e. igU. 

Let Qo be a fixed bounded subdomain of Q (let Qq — ^ if ^ is a ball). 
We already know that 

(3.8) u n -± u* weakly in W lj, {Q ). 

As we have already noticed, for all h > 1 and v G C^°(f2o), the function 
H{jy)v belongs to the space V Un . Therefore, inserting it into (13 .4p . we 
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reach 



/ H(^)j t (u n ,\Du n \)^r-Dv 
Jn ^ h J \Du n \ 

- jf H^j s (u n , \Du n \)+H'(^)j t (u n , \Du n \) 



h 



n 



f(\x\,u n )H(^jv + X n J g(u n )H(^jv, 



for all v G C^°(Qq). This equality can be read as 



b n (x,Du n )-Dv = ($ n ,v) + (^n,v), G C c °°( fi o), 



Ho 



where we have set 



b n (x,£) := H(^j^j t (u n (x), |£|)t||> for a.e. a; G fi and all £ G 



1 



(3.9) 



\Du n \ ,,./// 



h + H^—)j s (u n ,\Du n \ 



-J H'(^jj t (u n ,\Du n \ 
J f(\x\,u n )H(^jv + \ n J g(u n )H(^)v, 



for every v G C%°(Qq). Set also 



6(x,0 := for a.e. x G fi and all f G R N , 

^ ' Is I 

(*,«):=/ f{\x\,u*)H(^-)v + \ ( g(u*)H(^)v, VveC?(n ) 



where A denotes the limit of (A n ), according to Step II. Notice that 
($„) C W- 1 * , (fi ) and (// n ) defines a sequence of Radon measures 
on f2 . Taking into account the strict convexity and monotonicity of 
{t i — y j(s,t)} and the growth conditions f] 1 . 5 1) - ( TTT6T) . we claim that the 
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operators b, b n satisfy the following properties: 



(3.10) 

(b n (x, - b n (x, O) • (f - O > 0, a.e. x G Q , for all £, £' G R N , 
(3.11) 

{b(x, - 6(x, O) • (f - > 0, a.e. x G fi with < /i, for all f ^ f, 

(3.12) 

b n {x, •) —7- 6(x, •) as n — y oo, a.e. x G Oo, uniformly over compact sets of M. N , 
(3.13) 

b n (x, Du n ) is bounded in L p (Qq, R ), 
(3.14) 

6„(x, Du*) 6(x, Dm*) asn-} oo, strongly in L p (fio, R )> 
(3.15) 

. — ^ w as n — )• oo, weakly* in measure, for some Radon measure 
(3.16) 

$ n — >• $ as n — > oo, strongly in W~ 1,P '(Q ). 

Properties (13 . 10[) and (13. lip follow from the strict convexity of the 
map > j{s, |£|)} and the definition of H. Concerning ( I3.12jl . given 
i G fio and a compact K C K , again by the definition of if and the 
continuity of jt,jst, for all £ G K and all n > 1 large, 

\b n (x, - 6(x, 01 < |# (^) " H(^P~) | |j,K(x), ie di 
+ H{^)\jt(u n (x),\^\)-jt(u*(x),\m 
< . sup Ji f ( S j£|)||ii(^)-ff(^)| 



se[Q,2h+2],£EK 



+ H{^l)\ 3st (ru n (x) + (1 - r)«*(x), \{;\)\K(x) - «*(*)! 
< sup \j t (s,m x\H(^±)-H( U * {x) 



+ sup \j st (s,\£\)\x\u n (x)-u*(x)\ 

se[0,2h+l]£<=K 

< C h , K {\H{^)-H{^)\ + \u n (x) -u*(x)\}, 
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which yields the assertion. Conclusion (13 . 13[) follows from the inequal- 
ity 



\b n (x,Du n )\ p 



H 



U n [X) 



j t (u n {x),\Du n \) < (i(2h)) l/ \Du n \ p , 



for e Q Q . Moreover, since b n (x, Du*(x)) — > b(x,Du*(x)) a.e. in 

Qo and 



\b n (x,Du*)\ p 



H 



Un , 
h 



j t (u n {x),\Du*\) < ( 7 {2h)) pf \Du*\ 



for G Q Q , (I3.14p holds as well by dominated convergence. Con- 

cerning f)3.15p . it can be easily verified that the square bracket in (13.91) 
is a bounded sequence in L 1 (Jlo) (just argue as in the estimation of 
the I"s), so that, up to a subsequence, the property holds. Let us 
now prove that ( 13 . 161) holds. In fact, for all v G Wq ,p (Qo) such that 
IMI^M^o) < 1, we have 



|<*n " <MI < C\\f(\x\,u n )H{^) - f(\x\,u*)H(^-) 



, u 



h 



h L5^T(n ) 



II II 

+ CX n \\g(un)H(^)-g(u*)H(-)\\ 



+ C|A n -A|||^*)i/(-)|| „* . 

Since u n )H(?f )-f(\x\, u*)H(f ) ^ and g(u n )H(^)-g(u*)H(f) 
as n — > oo, a.e. in Qq, X n — > A as n — > oo and, by the growth assump- 
tions flUID and (fL9j) . 



\f(\x\,u n )H(^) - f{\x\,u*)H(5-)\*=i < C h a^(\x\) + C' h , a.e. in fi 



, u 



h 



h 



II II V* 

\g{un)H{f) - g(u*)H(-)\—i < C h \ a.e. in Q , 

for some Ch, C' h , C" h > 0, we obtain the property by taking the supre- 
mum on v and dominated convergence. Therefore, in light of ( 13. 8 P 
and ( I3.10p - (l3.16p . we can apply j9j Theorem 5], yielding the almost 
everywhere convergence of the gradients Du n to Du* on the set 



E, 



h,Qo 



{i £ fl : u*(x) < h}. 



We deduce the pointwise convergence (13. 7p by the arbitrariness of h > 1 
and Qq C Q. 
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Step IV (proof of the theorem concluded). In view of (13. 7ft 
and (ll.4p . we have 

j(u n , \Du n \) — ao\Du n \ p > 0, for all n > 1 and a.e. in Q, 

j(u n , \Du n \) — ao\Du n \ p — > j(u*, \Du*\) — ao\Du*\ p , as n — > oo, a.e. in Q. 

Taking into account (13. 3p . by Fatou's lemma, we get 

limsup / \Du n \ p < [ \Du*\ p . 
n Jn Jn 

Since (u n ) converges to u* strongly in L P (Q) and weakly in Wq' p (Q), 
we can conclude that u n — > u* strongly in Wq ,p (Q), as n — > oo. Taking 
the limit into (13. lfl we reach 

||-D«||xp(n) = II Du* || LP(n) . 

Then, by Proposition 12.41 there is a translate of u* which is almost 
everywhere equal to u. □ 

Acknowledgment. The second author thanks Marco Degiovanni for 
a helpful discussion about the proof of Lemma 12.81 

References 

[1] A. Baernstein, A unified approach to symmetrization, Symp. Math., Cam- 
bridge Press, 1994. 

[2] C. Bandle, Isoperimetric inequalities and applications, Monographs Studies 

Math. Pitman, 1980. 
[3] H. Berestycki, P.L. Lions, Nonlinear scalar field equations. I Existence of 

a ground state, Arch. Rat. Mech. Anal. 82 (1983), 313-345. 
[4] H. Brezis, Symmetry in nonlinear PDE's, Proc. Sympos. Pure Math. 65 

(1999) 1-12. 

[5] F. Brock, Positivity and radial symmetry of solutions to some variational 

problems in R N , J. Math. Anal. Appl. 296 (2004), 226-243. 
[6] F. Brock, A. Solynin, An approach to symmetrization via polarization, 

Trans. Amer. Math. Soc. 352 (2000), 1759-1796. 
[7] J.E. Brothers, W.P. Ziemer, Minimal rearrangements of Sobolev func- 
tions, J. Peine Angew. Math. 384 (1988), 153-179. 
[8] I. Campa, M. Degiovanni, Subdifferential calculus and nonsmooth critical 

point theory, SIAM J. Optim. 10 (2000), 1020-1048. 
[9] G. Dal Maso, F. Murat, Almost everywhere convergence of gradients of 

solutions to nonlinear elliptic systems, Nonlinear Anal. 31 (1998), 405-412. 
[10] M. Degiovanni, S. Zani, Euler equations involving nonlincaritics without 

growth conditions, Potential Anal. 5 (1996), 505-512. 
[11] M. Esteban, Nonsymmetric ground states of symmetric variational problems, 

Comm. Pure Appl. Math. 44 (1991), 259-274. 
[12] A. Ferone, R. Volpicelli, Minimal rearrangements of Sobolev functions: a 

new proof, Ann. Inst. H. Poincare Anal. Non Lineaire 20 (2003), 333-339. 



SYMMETRY OF MINIMIZERS FOR QUASI-LINEAR PROBLEMS 



21 



[13] A. Ferone, R. Volpicelli, Convex rearrangement: equality cases in the 
Polya-Szego inequality, Calc. Var. Partial Differential Equations 21 (2004), 
259-272. 

[14] A. Friedman, B. McLeod, Strict inequalities for integrals of decreasingly 
rearranged functions, Proc. Roy. Soc. Edinburgh Sect. A 102 (1986), 277-289. 

[15] B. Gidas, W.M. Ni, L. Nirenberg, Symmetry and related properties via the 
maximum principle, Comm. Math. Phys. 68 (1979), 209-243, and Symmetry 
of positive solutions of nonlinear elliptic equations in W 1 . Math. Anal Appl 
Part A, 369-402, Adv. Math. Suppl. Stud., 7a, Academic Press, 1981. 

[16] H. Hajaiej, Cases of equality and strict inequality in the extended Hardy- 
Littlewood inequalities, Proc. Roy. Soc. Edinburgh Sect. A 135 (2005), 643- 
661. 

[17] H. Hajaiej, M. SQUASSINA, Generalized Polya-Szego inequality and applica- 
tions to some quasi-linear elliptic problems, Comm. Partial Differential Equa- 
tions, to appear. 

[18] H. Hajaiej, C.A. Stuart, Symmetrization inequalities for composition op- 
erators of Caratheodory type, Proc. London Math. Soc. 87 (2003), 396-418. 

[19] G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities. Reprint of the 1952 
edition. Cambridge University Press, Cambridge, 1988. 

[20] B. Kawohl, On rearrangements, symmetrization and maximum principles, 
Lecture Notes Math. 1150, Springer, Berlin, 1985. 

[21] B. Kawohl, Symmetry or not? Math. Intelligencer 20 (1998), 16-22. 

[22] P.-L. Lions, The concentration-compactness principle in the calculus of vari- 
ations. The locally compact case. I. Ann. Inst. H. Poincare Anal. Non Lineaire 
1 (1984), 109-145. 

[23] P.-L. Lions, The concentration-compactness principle in the calculus of varia- 
tions. The locally compact case. II. Ann. Inst. H. Poincare Anal. Non Lineaire 
1 (1984), 223-283. 

[24] O. Lopes, Radial symmetry of minimizers for some translation and rotation 
invariant functionals, J. Differential Equations 124 (1996), 378-388. 

[25] M. MlHAl, On the symmetry of minimizers, Arch. Ration. Mech. Anal. 192 
(2009), 311-330. 

[26] J. MOSSINO, Inegalites isoperimetriques et applications en physique, Hermann, 
Paris, 1984. 

[27] G. Polya, G. Szego, Isoperimetric Inequalities in Mathematical Physics. 
Annals of Mathematics Studies, no. 27, Princeton University Press, Princeton, 
1951. 

[28] M. SQUASSINA, Existence, multiplicity, perturbation, and concentration re- 
sults for a class of quasi-linear elliptic problems, Electron. J. Differential Equa- 
tions, Monograph 7 2006, 213 pages, Texas State University of San Marcos, 
Texas, USA. 

[29] M. SQUASSINA, Radial symmetry of minimax critical points for non-smooth 
functionals, preprint. 

[30] J. Van Schaftingen, Symmetrization and minimax principles, Commun. 
Contemp. Math. 7 (2005), 463-481. 

[31] J. Van Schaftingen, Universal approximation of symmetrizations by polar- 
izations, Proc. Amer. Math. Soc. 134 (2006), 177-186 



22 



HICHEM HAJAIEJ AND MARCO SQUASSINA 



[32] A. Visintin, Strong convergence results related to strict convexity, Comm. 
Partial Differential Equations 9 (1984), 439-466. 

Department of Mathematics 
King Saud University, College of Sciences 
P.O. Box 2455, 11451 Riyadh, Saudi Arabia 
E-mail address: hichem.riajaiej@gmail.com 

DlPARTIMENTO Dl INFORMATICA 

Universita degli Studi di Verona 

Ca Vignal 2, Strada Le Grazie 15, 1-37134 Verona, Italy 
E-mail address: marco.squassina@univr.it 



